THE PLANCHEREL FORMULA OF L^{No\G;^) 



TANG U-LIANG 



Abstract. We study the right regular representation on the space L'^{No \ G;^) where G is 
a quasi-spht p-adic group and a non-degenerate unitary character of the unipotent subgroup 
A'o of a minimal parabolic subgroup of G. We obtain the direct integral decomposition of this 
space into its constituent representations. In particular, we deduce that the discrete spectrum 
of L^{Na \ G;ip) consists precisely of ip generic discrete series representations and derive the 
Plancherel formula for L'^{No \ G\ip). 
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1. Introduction and statement of main results 

Let ip he a nondegenerate unitary character of the unipotent radical A'o of a minimal 
standard parabolic subgroup of a connected quasi-split p-adic group, G. Define LP'{Nq \ G;ip) 
as the space of functions on G which transform according to ip, i.e. f{ng) = ip{n)f{g) and are 
square integrable modulo Nq. This space becomes a unitary representation of G via right 
translation. 

The purpose of this work is to obtain the Plancherel formula for this unitary 
representation. Dinakar Ramakrishnan has obtained the spectral decomposition for this space 
when G = GL{2) in [Ram2j . He proves this for both the archimedean and non-archimedean 
cases. Nolan Wallach then extended his result to arbitrary real reductive groups. Indeed, much 
of the arguments in the latter part of this paper imitate Wallach's original proofs in |Waj . 

There are two crucial components into developing a spectral theory of LP'{Nq \ 
One of them is to prove a certain surjectivity result from the space of Schwartz functions G to 
the space of Schwartz functions on A'^o \ G. This is the author's original contribution. 

A second component needed is the knowledge of the analyticity of a certain Jacquet 
integral (this integral is defined later in the paper.) In the non-archimedean case, it follows 
from an argument of Casselman in |C-Sj (see also |Jacj and [Shah]) that the Jacquet integral 
extends to a holomorphic function. One requires such an integral to define a Whittaker 
transform which transforms certain smooth functions on orbits of discrete series 
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representations to Schwartz functions on A'o \ G analogous to the Harish-Chandra wave packet 
map. We refer the reader to Section [6.21 for the precise definition of this transform. 

It is a pleasant consequence of our investigations that we are able to obtain an 
extension of a result in |KLSj . We refer the reader to Theorem I4.4.1I This generalization is a 
consequence of the fact that matrix coefficients of generic discrete series representations decay 
rapidly (in manner made precise in this paper). 

To state our main result, we must describe briefly the notation involved. Let P = MN 
be a standard parabolic subgroup of G with M and its Levi and unipotent subgroup 
respectively Let il)^ denote the restriction of to M n A'^g . We take a tj)^^ generic discrete 
series representation (u, H„) and consider the unitarily induced representation Ip{(T ® v) where 
1/ G lm{Xur{M)) = laM/L {L is some lattice in the real vector space o^-) runs over all 
unramified unitary characters of M. Let Wh^M {H„) denote the (one dimensional) space of 
Whittaker functionals on a. Let 

^a,u = Ip{(^, z^) ® Wh^M{H^) 

and consider the direct integral 

r® 
JiaM/L 

where //(o", v) is a certain normalization of the Plancherel measure on ia/L. 
Let 

W{G\M) := {w£W^ \ w.M = M}/W^ 

where W'^ and W'^ denote the Weyl group of G and its Levi M respectively. If o" G , then 

w.cr is defined and denote (M) /W {G\M) to be the set of isomorphism classes of square 

integrable representations of M which are tp^ generic modulo the action of W{G\M). 
We prove that 

Theorem 1.0.1. There exists a unitary linear surjection from 

McG ae£2 iM)/W(G\M) 

onto L'^{No\G;i^). 

We also compute the explicit normalization of fl{a, v). If /i(o", v) dv denotes the 
Plancherel measure on iaM/L, then 

= \WiG\A4MG\M)cHG\Mf^''' 

This paper is organized as follows. In Section 2 we give a simplified exposition of 
Bruhat-Tits theory adequate for our purposes and prove Lemma I2.1.1[ This is a key lemma 
required to prove the crucial Lemma |5.2.2[ 

Section 3 describes the notations and conventions for parabolic subgroups and tori 
needed to describe unitary parabolic induction. We also give a description of both the 
Schwartz spaces on G and Nq\G needed later. 

In Section 4 we discuss the asymptotics of Whittaker functions for discrete series 
representations and more generally for tempered representations. 

Finally in Section 5 we prove Lemma 15.2.21 which tells us (among other things) that the 
map from C*{G) to C*[Nq \ G;'0) is surjective. 

In Section 6, we set the stage for deriving the Plancherel formula. This is essentially 
Theorem 16.2.21 Our main result, Theorem 11.0. 11 is precisely Corollarv l6.4.2[ 
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Remark. While this paper was being written, it was brought to the author's attention 
that Erez Lapid and Mao Zhengyu had obtained an explicit form of the Whittaker function and 
its asymptotics on a split group G in [L-Z| . Theorem 14. 2. 31 is a direct corollary of their results. 

They conjectured the following: Let W{Tr) denote the Whittaker model of a generic 
representation and suppose that JzqNo\g 1^(5)1^ ^9 finite for all W{g) S W{7:), then tt is , 
square integrable. By Theorem 14.3.41 and Theorem 15.2.31 one concludes that this conjecture is 
true. 

Patrick Delorme has obtained the results of this work independantly in [DlJ and |D2j . 
However, our approach differs slightly from his treatment. We also thank Professor Delorme 
for pointing out a gap in the previous version of Proposition 14.3.21 

2. The Cartan and Iwasawa decompositions of G 

2.1. We begin by fixing a p-adic field k with ring of integers o and normalized absolute value 
|.| = Let G be a connected quasi split reductive group defined over k. Let G = G{k) 

be its fc-rational points. Let the maximal k split torus and Mq its (abelian) centralizer with 
Mo,o the maximal compact subgroup of Mq. 

With W denoting the Weyl group of G with respect to Aq, let W be the affine Weyl 
group extending the Weyl group W. We may identify W as the semidirect product of W and 
D = Aq/Aq where Aq is the maximal open compact subgroup of Aq. Let Safr and "'^S denote 
the affine root system and set of nondivisible roots of G respectively. Let K be the special 
maximal open compact subgroup fixing a special point xq in the apartment stabilized by ^o- 
Denote by Sq the roots of Sag vanishing on xq. If B is the subgroup of G fixing a chamber 
pointwise in the apartment with vertex xq, then B is an Iwahori subgroup. One knows that 
there is a bijection A : "'^S — )■ Sq since every root a € Sq is a positive multiple of a unique root 
in ""^S. We write A (a) as A^a. 

The Iwahori decomposition for G and K is 

G= ]J BwB 

and 

]J BwB 

wew 

respectively with both these unions disjoint. 

We will write the Iwasawa decomposition of G as NqAqK where A'^o is the unipotent 
subgroup of a choice of minimal parabolic Pq of G containing Mq. 

Define to be the system of positive roots determined by Pq and let A denote the 

set of simple roots. For e > 0, define 

A+(e-i) := {a e I \a{a)\ < e'^^a G A}. 

Writing A~^ as ^"''(1), we have the Cartan decomposition G = KA^K. 

Write {Hm}m>i for the system of 'good' open compact subgroups for the topology on 
G (see |Sill| ). Without loss of generality we assume that \i w G W , then w ^ Hi for any i> 1. 

For each a G Saff define Nq^u) as in |Ca2) . Then for a G ""^S"*" and m G Z define 

Na,m ■■= No{X{a)+m). 
We have that Na,m+i $1 A^a,m and if iV^ := Umez ]^a,m, then 

iVo = n 
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in any order. 

Write TVq-^ = nae"'^s+ No,m = nae«'^s+ ^a,m- Then B = N^^^MoflNo,o. If 

m>0,H^ = iVo;„(Mo n Hm)No^m- 

Set (/o; = [A^o(q; ~ 1) • -^o(o)] and gQ,/2 = Qa+i/Qa- We remark that it is possible that 
Qa/2 7^ 1- For convenience, q^i2 = [A^(a + 1) : N{a + m + 1)] is shortened to 

Fix an open compact subgroup H = Hm as defined above of K. We determine a 
parametrization of G/H cosets in a single No\G/H coset. Let {gi} be a set of coset 
representatives of A'o \ G/H. By the Iwasawa decomposition we may assume gi = ak where 
a E A and k ^ K where k comes from a set of coset representatives of K/H . 

Under the left action of Nq, the stabilizer of giH is Nq n giHg^^. Let [A^o/-^o H giHg^^] 
be a set of Nq Pi giHg~^-coset representatives in Nq. Then each G/H coset in N^giH is 
parametrized the set [Nq/Nq n giHg^^]. 

Since H is normal in K, Nq n giHg^^ = NqH aHa~^ = aNQ^jna~^. Written component 

wise 

aNa,ma'^ = A^o(A(a) + m + AQval(a(a))) 

where we recall that Aq is the positive multiple arising from the bijection between "'^S and Eq. 

Now chose an integer n so that N^^n 2 -^o,m- Also, choose e > small enough so that if 
a satisfies 

val(a(a)) > — (— m + n) 

Aa 

for all simple roots a G A then a G A'^{e~^). Then a G ^"'"(e"'^) contains the set of all a G ^ 
such that A^o n aHa~^ C iVo,„. 

Lemma 2.1.1. Assume we are given a fixed a G A'^{e~^) and fixed k E K. Then for any 
n£No- {{No n aHrna-^)No,m), 

HjnnakHm / HmWa' w~^kH^ 
for any a' G A'^ and any w . 

Proof. Firstly we have to compute the KA'^K decomposition for the element g = nak as we 
run over n G Nq for a fixed ak. 

Fix an a G A'^{e~^) such that Nq fl aH^nQ"^ ^ -/Vo^^. There are three cases. 

(1) If n G A^o^o - {{No n aHma-^)No,m), then 

g = nak = {nw)a'^ {w"^ k) 

where nw and w~^k are in K. 

(2) If n ^ Nofi but a~^na G K, then nak = a{a~^na)k = wa'^w~^nok where 
no = a~^na G K. As w~^nok G -fiT, the ETA+K decomposition is 

nak = {w)a'^ {w~^nok). 

(3) If n G Nq is not of the either two cases then we consider the Iwahori decomposition of 
(na) so that {na)k = {bnawb'^g)k where w & W and G Since = W.D, 
{na)k = {hnaw' aih'^g)k where we write w = w'ai with w' eW and ai G -D. Since na 
and a~^na ^ K, w' ^ 1 and ai 7^ L Then 

nak = {bnaw'wi)af{wi^b'j^g_k) 

where a^ = Wi^aiwi with wi chosen so that a^ G A'^. The bracketed elements are 
elements in K. 
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For case (1), let us assume that there exists wq & W and oq G A'^ such that 

{nw)a'^{w~^k) G HjnWQaoWQ^ kHjn. 

Since the Cartan decomposition gives a disjoint union over KaK where a runs over [tI+Z^J] 
= Co and thus nw € H„iWq. But this means that uwwq^ G Hj^ which is impossible since 
n ^ Hjn- This proves the lemma in this case. 

For case (3) we argue in a similar fashion. So suppose 

As before, af = oq so that biw'wi G H^wq. We may as well assume 6i G implying that 
w'l = wq. Now on the other hand 

Wi^b'nak G WQ^kHm 

implying that 

Once again, wc may assume 5'^^ G H„i so that ?i;o = wi. Thus it;' = 1 which is a contradiction. 

Finally in order to apply the argument of the previous cases above to case (2), we must 
exclude the possibility that no is in Hm- 

Indeed, if uq G Hm, we will derive a contradiction. Write the component of an 
arbitrary n £ Nq in Na as Ua- Since a~^na G K, Ua & Na is contained in at most 
^a,Ac<vai(a(a))- However by our assumption on no, G Na,x^^>^i{a{a)} satisfies a'^Uaa G Na,m 
for all roots a G This implies that G N^,\^va.iiaia))+m i-^- n G ATq fl aHa~^. This 

contradicts the hypothesis of the lemma. 

If a G then Nq^^ D NqH aHa~^ so that for any n ^ iVo,m) '^ofc is not in the same 
i?TO-bicoset of as wa'-w^^k for any a' G and any w G VF. □ 



3. Parabolic subgroups. Tori and Schwartz spaces 

3.1. We introduce the notion of standard parabolic subgroups and define a dense subspace of 
L'^{Nq \ G; tp) which we will study in this paper. 

Fix a minimal parabolic subgroup Pq as in the previous section. A standard parabolic 
pair is a pair (P, A) consisting of a parabolic subgroup G D P D Pq aiid AqZ^i Az^i Zq where 
Zq denotes the (split component of the) center of G. 

It is known that all such pairs are in one-to-one correspondence with subsets of A. By 
abuse of notation we identify (P, A) with P and write this correspondence as 

O^Pe 

where we agree that P0 = Pq and Pa = G. It is well known that any standard parabolic 
corresponds to a subset C A. Conversely, to each subset 9, one can associate a standard 
parabolic Pq, Mg, its Levi and If Pq is a standard parabolic, we write its Langlands 
decomposition as Pq = MqNq. Where there is no cause for confusion, we will drop the 9 from 
notation. Moreover where the context is clear, Nq always denotes iVg. 

A smooth unitary character of Nq is said to be nondegenerate if and only if for any 
a G A, -0 restricted to Nq, is non-trivial. 
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3.2. Let 5p denote the modular character of the parabohc subgroup P. By the Iwasawa 
decomposition G = NqMqK, we write g £ G as g = npg{g)mpg{g)k{g). 
We define the constant 



JNe 

where Nq denotes the unipotent subgroup of the opposite parabohc of Pq. (c.f. [Walj pg. 240].) 
It is known that 7(^9) does not depend on the choice of A''^ used to define it. Thus we may 
write 'y{Pe) = 'y{G\Mg). If a G '^''■Ti{Pq , Aq) , let Aa denote the (identity component) of the 
kernel of a and the centralizer of A^ in G. Then D Mg for every root a e '"^T.iPe^Ae). 
Define 

c{G\Me) = i{G\Me)-^ J] l{Ma\Me). 

If (vr, V) is a unitary representation, let (, denote the Hermitian inner product on V . 

Lemma 3.2.1. If (a,Hfj) is any unitary representation then Ip^(^ = is a unitarily 
induced representation from Pg to G. Furthermore for any u,v £ 

{u{k),v{k))„dk = ^{G\Mg)-^ I {u{n),v{n)),dn. 

K JNg 

Proof. For the purposes of this proof, Indp a will denote unnormalized induction instead of the 
usual normalized induction. Recall the integral decomposition formula (c.f. [ WaL pg. 240]). 

f{g)dg = ^{G\M)^^ / _ f{n'mn)6p^{m) dndmdn 

G JNxMxN 

for any parabolic subgroup P and / G G^{G). 

For any / E G^{G) let Psp (/) denote the projection of / into Ind^ Sp^. This is given 

by 



Let 



^p]{p)f{p)dp. 



Ino{w) '■= I w{n)dn 

JNg 



for any w G Indp^Sp^ provided this integral converges. 
Consider 



lNgPspJ{n)= / 5p]{p)f{pn)dpdn 

^ JNa J Pa " 

Sp^{m)f{nmn)dn dm dn 



Ng 
f 

Ng JMg JNg 

-f{G\Mg) / / / 5p^{m)f{nmk)dkdmdn 

JNg JMg JK " 

7(G|M,) / Ps {f){k)dk. 

JK 



We may choose / such that P5- {f){k) = {u{k),v{k))„ proving the lemma. □ 
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3.3. Let S(Po)^o) denote the set of all positive roots of G with respect to Pq. The resulting 
roots by restricting to Ag is denoted 'E{P0,Ag). 

Define ao,iR := (Homfc(Ao; k^) ®z 1^)* where * denotes the real dual of the vector space. 
Letting Aq denote the center of Mg we may define in an analogous fashion, the vector space 
ae,R- Then there is a canonical decomposition 

realizing o^i^r as a subspace of ao,K. The complexified vector spaces are denoted o^i^c- 
Let ' ' 

4h •= e ao,R I Va G S(Po,^o), {a,H) > 0}. 
We call this the (open) positive chamber of Oo,m with respect to Pq. Similarly we define 

<M ■■= {H e ae,M I Va G ^{Pe,Ag), {a,H) > 0}. 
Define the 'log' map HMg ■ where HMgim) is the element of ae^-R such that 

for all u G B.omk{Mg, k^). Let := H^^^{a^^j^) and A'^ := n Ag. 
We describe a partition of Aq. For any < e < 1, define 

A^{e,e) = {ae A^ \ \a{a)\ < e^a e A - 9 
e <\a{a)\ < 1 Va G 9}. 

Then we have a disjoint union 



3.4. Let Hom(G, C^) denote the group of continuous homomorphisms from G to C^. If 

X G Homfc(G, A;^) then \x\k is defined by \x\k{g) = \x{9)\k- Let G^ := flxKcrlxlfc and let 
Xur{G) := Hom(G/G"'^, ). We call this set of characters the set of unramified characters of 
G. These definitions apply to any Levi subgroup Mq of any standard proper parabolic 
subgroups of G by replacing G with Mg. 

There is a surjection from ^ onto Xur{Mg) defined hy x^ s ^ {g ^ \x{9)\^)- If 
€ Cig£, the corresponding character in X(„.(Me) is denoted Xu- The kernel of this map is a 
lattice of the form (27r-v/^/ log q)R where i? is a lattice of U.omf;{Mg, k^) Q. This endows 
Xur{Mg) with the structure of a complex algebraic variety isomorphic to (C^)'^ where d is the 
dimension of a^^iR. 

Given x G Xur{Mg), suppose that A G Og projects to x- We define 3?x = !KA. This is 
well defined as 5RA is independent of the choice of A. If x £ Hom(^g,C^), then the character 
Ixl extends uniquely to an element of Xur{Mg) taking positive real values. Set 3^^x = ^\x\- 

Consider the group ImX^Ag) consisting of characters of x £ Hom(^5i, C^) satisfying 
3?X = 0. Then there is a surjection with finite kernel of IraXuriMg) onto l'mX{AQ). The latter 
group is compact and we give it the Haar measure normalized so that its total mass is 1. We 
pull back the measure on lm.X{Ag) to a measure on lmXur{Mg) denoting this as dv. 

3.5. Let the zonal spherical function of G and for the same for each standard Levi 
subgroups M of G. 

Now consider a fc-rational representation of G into some GL{n) with compact kernel. 
By pulling back to G, define H^H := supjl^jjl, and a{g) := log^ \\g\\ and 

(7* (5) := irdz^Zc ^(5^) where Zq denotes the center of G. By construction, cr* is subadditive 
and identically zero on the maximal compact subgroup K. 
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Let C(Hj \G/Hj]x) denote the space of Hj bi- invariant smooth complex valued 
functions on G with Zq acting by a unitary character For any / G C{Hj \ G/Hj) define 

geG 

where r > . Define 

C*(G;x) := [j{f e C{Hj\G/Hj;x) I 9i,n(/) < oo Vn G N}. 
j 

Then {gi,n}neN is a family of continuous seminorms making C*{G) = C*{G; x) into a Frechet 
space. It is well known that C*{G:x) is dense (with respect to the norm) in L^(G;x)- 

Let he a nondegenerate character of A^o- Define C{No \G/Hj]ip) to be the space of 
right Hj invariant complex valued functions of G such that f{ng) = i>{n)f{g) for all n e Nq 
and g £ G. We agree that the center Zq of G acts by character x and suppress this from 
subsequent notation. 

Consider any / G C(A'^0 \ G/H^). By the Iwasawa decomposition G = N^M^K write 

g = n^{g)mfi^{g)k{g) with m{g) G M^, n^{g) € -/V0 and k{g) G K. Although mti){g) is only 

_i 

defined up to fl K, Sp^ (m) = 1 for any m G fl K implying that for any r > 0, 

_i 

is well defined. 

Now define the space 

C*{N^ \ G; V) := \J{f e G{N^ \ G/Hj-^) \ g2,n(/) < 00 Vn G N}. 
3 

As before the set {92,n}neN forms a family of continuous seminorms on C*{N^ \ G; ip) making it 
a Frechet space. It is dense in LP' [Nfj^ \G;tp). 

Let P = Pq he a, proper standard parabolic subgroup of G with Mg its Levi subgroup 
and writing D iVg as N^. Write a^^{m) := mf aeAg cr{ma). This generalizes cr* defined 
earlier. To be precise, cr* = o"^. 

We define 

q^;{S):= sup S{m)~^^{m)-\l + a^^{m))\ 

meMg 

4*(/):= sup /(m)<5;^^(m0(m))(l + af«(m)r. 

meMg 

and 

^gf «(/):= sup /(m)5;^^(m0(m))(l + af(m)r. 

meMg " 

Define the following Frechet spaces 

C*{Me) := UU e n \ Me/ Me n | gf^(/) < 00 Vn G N}, 
j 

C*{N, \ Me; ^) := \J{f G C{N, \ Me/ Me n iJ,; /) | < 00 Vn G N}, 
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and 

C*{G; \Mg-i^) := \J{f G C{N, \ Me /Me n If,; /) | q^;^\f) < oo Vn G N} 

3 

where il)^ =: Res^^(^). Then we have an inclusion 

C*{G;N,\Me;i^')cC*{N,\Me;i^'). 
We will refer to these spaces generically as Schwartz spaces. 

4. Whittaker functions and the Harish- Chandra transform 

4.1. Let (tt, V) be a smooth finitely generated representation of G and V denote the 
algebraic complex linear dual of V. Define {7r'{g)X){v) = X{7r{g~^)v) and let V"^ denote the 
smooth points of tt'. Let vr^ be the representation obtained by restricting tt' to F^. Then 
(tt^, y^) is a smooth representation of G. 

Now consider a fixed A G F' and write 

Wiv,X)ig) ■.= Xi7rig)v) 

with V eV. Since V is smooth, W{v, X) is Kj invariant on the right for some open compact 
subgroup. Note that if v £ V'^ , then W{v,v){g) is a matrix coefficient of V. 

Fix any (not necessarily nondegenerate) character ip oi Nq. Fix a standard parabolic 
subgroup Pe = P = MN of G corresponding to ^ C A (P possibly equals to G) for the 
discussion throughout this subsection. Let and tjj^ be the unipotent subgroup and character 
defined as in the previous section. Then define 

V{N^,'tp^) := span{7r(n)i; - 'tp^{n)v \v eV, ne N^} 

and 

V{N) := span{7r(n)t' — v \ v e V, n € A''}. 
Define vector spaces 

VN,,^o = V/ViN,,i;') 

and 

Vn = V/V{N). 

Then 

r${V) = Vn^Sp'^^^ 

is the Jacquet restriction functor sending smooth, finitely generated admissible representations 
of G to smooth, finitely generated admissible representations of M. 
Now we require ^ to be a nondegenerate character. Define 

Wh^{V) := Hom;vo(7r,C^). 

A representation tt is said to be V'-generic if Wh^{V) is nontrivial. Now assume that 
this is the case for vr and consider any nonzero A G Wh^,(y) and nonzero v EV. Then 
W{v, X){g) is not identically zero as a function on G and satisfies 

W{v,X){ng)=^{n)W{v,X){g) 

for any g £ G and n G Nq. 

We say that W{v,X) is a Whittaker function and VF(t;,A)(l) = X{v) a Whittaker 
functional. All these can be generalized to Levi subgroups of G as well, by substituting G for 
M, A^o for and for V'^- 
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Let $e be the canonical map from {VNg)^^.,^^ to V/Vo,Vi introduced in [C-Sj (see also 
[Cal] ) . If u G y, we write v for its image in {VNg)^,,^^ . Recall the following lemma of 
Casselman. (See \C-S\ Proposition 6.3 and 6.4]). 

Lemma 4.1.1. Fix a standard parabolic subgroup Pg of G. Let A G Wh^{V) and v ^V. Then 
there exists e > such that 

W{v,X){a) = W{v,Xo<^Q){a) 
for any a £ Aq satisfying \a{a)\ < e Va G A — 0. 

Notice that when = 0, this is Proposition 6.3 in |C-S] . 

4.2. For a fixed but arbitrary C A, consider an Ag-finite complex valued smooth function / 
on Aq. Then it is well known that 

f{a) = Y,u{a)P{HMM) 

V 

where P{x) is a polynomial on the Lie algebra a^^K of Aq and v a smooth character of Aq. The 
characters occurring in the decomposition above are known as the exponents of /. Let 
E{Aq, f) denote the set of exponents of /. 

Lemma 4.2.1. [Call Proposition 4.4.4] Let9 C A,ee (0, 1] and p>0. Let f : A'^{e,e) C 
be a complex valued function such that 

(1) f is the restriction to AQ{6,e) of an Aq -finite function; 

(2) the center of G, Zq acts by a unitary character on f and 

(3) f is invariant under right translation by some open subgroup Ak^ of Aq. 

Then |/|^ is integrable on Aq {6 ,e) / Ak^Zq if and only if \x{o)\ < 1 for all a G A'^ and each 
X^E{AeJ). 

It is well known that if a representation of G, (tt, V) is smooth and admissible, then so 
is Vn- Thus the center of M, A, acts locally finitely on V/v so that 

Vn = 0(^7V). 

V 

as generalized eigenspaces where v are smooth characters of A. The set of all characters 
appearing in this decomposition are called exponents of V with respect to P denoted E{P., V). 
If V is finitely generated, this set is finite. 

An irreducible smooth representation is said to be a discrete series (resp. tempered) 
representation of G if the center acts by a unitary character and its matrix coefficients 
(modulo the center) are in L'^{G) (resp. L'^^''{G) for any e > 0). The following result is well 
known (see [WaH Proposition III. 1.1 and Proposition III.2.2]). 

Proposition 4.2.2. Suppose (vr, y) is a discrete series representation (resp. tempered 

representation) of G. Then it is necessary and sufficient that for every standard parabolic 

__ 1 _ i_ 

subgroup P and every v G E(P^V\ \bp'^ {a)v{a)\ < 1 (resp. \5p^ {a)i'{a)\ < l)for all a G A~^ . 

□ 

Theorem 4.2.3. Let ip be an nondegenerate additive unitary character of Nq and let {it, V) be 
an irreducible ip-generic discrete series representation, then V embeds into L'^{Nq \ G^ijj). 
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Proof. Any Whittaker function is of the form W{v,X){g) for A G (Vatq,^)'. Now choose Ki as 
the largest open compact subgroup of K such that 



7r{k)v dk = v' 



does not vanish. Let [K/Ki] denote a (finite) set of coset representatives of K/Ki. Then for 
each kj E [K/Ki], set v'^ = kjv'. 
Then, 

[ \W{g)\'^dg= f f 6Q\a)\W{ak)\'^dadk 

JNo\G/Zg JAo/AIZg Jk 

j 5Q^{a)\W{akjki)\^dadki 

Y,5^\a)\W{v'^,\)[a)\^da. 

Aq/AIZq j 



Thus, the finiteness of that integral depends upon the square integrability of 
W{vp X){a) on Aq/AqZg- Since ip is nondegenerate, we observe that W{vj, X){a) is supported 
inside a translate of Aq ( \C-S\ Proposition 6.1]). By replacing Vj with TT{aj)v'j for some 
suitable aj G we may even assume that this support is contained in A^ . 

Choose e = minjegje where eg is obtained by applying Lemma 14.1.11 to Pq (with 

e C A). Recall that A^ is partitioned into {jeA'^{e,e). We let /(a) := d^""'"^ {a).W{v' ,\){a) 
and restrict f{a) to each partition so that we may then apply Lemma |4. 2. II with p = 2. 

We must check all three conditions of this lemma. Condition (2) is clear and (3) is 
satisfied by Ak^ = ^o- As vr is admissible, so is Vn and thus Ag acts locally finitely on 
{VNg)N.^^^e. Therefore W{v' , X o ^g){a) satisfies condition (1). 

Clearly the exponents of W{v' , X o ^0){a) are in E{Pg, V). By Proposition 14.2.21 this 
will imply the square integrability of W{v', A) in Aq . This proves the theorem. □ 

We introduce the notion of moderate growth for functions on Nq \ G. Define 
A{Nq \ G; ip) to be the union over all open compact subgroups Ki of G of subspaces of 
functions in G{Nq \ G/Ki^ij)) defined by the following growth condition: There exists a 
constant C > and r > such that 

\f{g)\ <G6l{mo{g)){l + aMT . 

Proposition 4.2.4. Assume that (vr, V) is a tempered and ip-generic irreducible representation 
of G. Then for any v £ V and X G Wh^{V), W{v, A) G yi(A^o \ G; ^j). 

Proof. We know that if vr is tempered then for each standard parabolic subgroup Pg and 

_ 1 

exponent ly G E{6,V), \5p'^ {a)i'{a)\ < 1 by [Wall Proposition III.2.2]. If this inequality was 

strict for all parabolic subgroups and all exponents, then tt is a discrete series and hence by 

(the proof of) Theorem I4.2.3t W{v, A) is in A{Nq \ G; ip). Thus we assume that for some 

_ i_ 

parabolic subgroup, Pg, there exists an exponent such that |(5p^ (a)z^(a)| = 1. In this case, 
using Lemma |4. 1 . 1 1 and arguing as in Theorem 14.3.41 we obtain the result. □ 
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4.3. If P is a parabolic subgroup of G, then P will denote its opposite parabolic subgroup. 
Given / G C*{Nq \ G;ip) define the Harish- Chandra transform 

(4.3.1) f^i'm) = (5p^(m) /_ f{nm)dn = (5p''^(m) /_ f{mn)dn. 

Jn Jn 

Lemma 4.3.1. Let Pg be a standard parabolic subgroup and Ng its unipotent subgroup. For 
any f G C*{G), there exists a continuous seminorm q{f) such that 

|/(non)| dnodn < q{f ). 

NoxNe 

Proof. Using the Iwasawa decomposition, write n = no{n)aQ{n)k{n). Then the integral can be 
written as 

/ \f{noao{n)k{n)\ dnodn. 

JNoXNg 

By [Wall Proposition II. 4. 5], we know that for any integer d > 0, one can find and integer 
r > (and seminorm (7i,r(/)) such that this integral is majorized by 



1 



(5o(ao(n))2(l + cr*(ao(n))) dn. 

Ng 

But we know by [Wall Lemme II. 4. 2] that this integral converges for sufficiently large d. □ 

Proposition 4.3.2. The integral in ()4.3.ip converges absolutely and uniformly over compact 
sets in M, f^ G C*{Nq n M \ M]ip) and f i— )• f^ is continuous in the topology induced by 
seminorms on C* {Nq \ G; ip) and C* {G; Nq n M \ M■,^p). 

Proof. Write nm = n{nm)a{nm)k{nm) using the Iwasawa decomposition. If we write m £ M 
as m = nimiki where ni G Nq D M, nii £ AqD M and ki £ K D M, then 

nm = nuimiki = nimi.{{nimi)^^n{nimi))ki. 

This implies that 

a{nm) = mia{{nimi)~^ n{nimi)) 

and 

n{nm) = ni?Ti^n((nimi)~^n(nimi))mJ^^. 

Let n = (nimi)^^n(nimi) so that 

n{nm)a{nm) = nimin(n)a(n). 

Note that nimi G M and fi G iV. 

By hypothesis, we fix a compact set S C M and prove the convergence of f^{m) as m 
varies over S. Let C = max(l + cr*(nimi))'^. Then we claim that 

^ ^ I l + (T^(nimin(n)a(n)) y ^ ^ 



1 + (T*(n(n)a(n)) 

for all n G iV with (T*(n) sufficiently large. 

Indeed, the right hand side of the inequality follows easily from the subadditivity of cr*. 
To prove the left hand side of the inequality we first note that 

o"*(nimin(n)a(n)) = cj*(nimin(n)a(n)/c(n)) = cj*(nimin) 

as (T* is K invariant. Now by a lemma of Waldspurger ( [Wall Lemme II. 3.1]), 1 + a^:(nimin) is 
bounded below by 1 + sup{(T*(nimi), (T^,(n)}. Since (7*(nimi) is bounded, the claim follows 
immediately. 
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With this, we may choose a suitable positive constant A, so that 

1 + cr*(nimin(n)a(n))' 



C <A 
implying that 



1 + cT*(n(n)a(n)) 



(1 + a^{nimi) f{l + cr,(nimin(n)a(n)))~'^ < A{1 + a*(n(n)a(n)))~'^. 
A function / G C*{Nq \ G; ip) satisfies 

\f{nm)\ < 6§ {a{nm)){l + a^{n{nm)a{nm))y^q2^d{f)- 
Then from the discussion above, we obtain 

(5o"^(mi)(l + a.(nimi))VMI <4(«(n))(l + ^*Wfi)a(fi)))"Vd(/) 

= sl{a{n)){l + a4ii)r%Af)- 

For m G S 

(4.3.2) 6~^mi){l + a4nimi))'^ [ \f{nm)\dn 

JNe 

is majorized by a constant multiple of 

(4.3.3) / 5^{a{^)){l + a^{^))-'^dn = 5p'^{mi) j 5l{a{n))(l + a^{n))-'^ dn. 
JNe JNg 

By [Wall Lemme II. 4. 2], the right hand side is finite for some sufficiently large d. This proves 

the first assertion of the lemma. From ()4.3.2p and ()4.3.3p . we have also that 

11 1 
6}>{m)\fP{m)\ < c.6lj^p^{mi){l + a*(nimi))-'^ < c' .6lj^p^{mi){l + a^m))-^ 

where we recall that m = riimiki proving the second assertion. Now the continuity of the 
Harish-Chandra transform is immediate from this proof. □ 

Define 

X*{No \ G; ^) = {/ G C*iNo \ G; mRik)ff = 

for all k £ K and for all parabolic subgroups P = Pg, C A}. 

We refer to this space as the space of discrete functions. By the Iwasawa decomposition this 
space is stable under right translation by the full group G. 

Let f £ C* (Nq \ G; ip) and Vf be the space spanned by right translates of G and VfP 
the space generated by right translates of M acting on f^ in C*{G; Nq n M \ M; ijj). 

Lemma 4.3.3. The representation space Vj-p is a quotient ofrp(Vf). 

1 

Proof. It is easy to check from definition that {R{m)f)^ = 6p{m)R{m)f^. 

Next, let N be the unipotent subgroup opposite of P and consider the space Vf{N). If 
h e Vf{N), then 

/ R{n)h = 

for some open compact subgroup iVo of N. In particular, Vf{N) is contained in the kernel of 
/ I—;- f^ . The lemma follows from these two observations. □ 

Theorem 4.3.4. Let {tt,V) be a smooth irreducible representation of G which embeds into 
L'^{Nq \G;ip). Then the image ofV under this embedding is in °C*{Nq \G;t(^). 
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Proof. Let T be the embedding map and define W{v,T)(g) = T{Tr{g)v){l). Then W{v,T) is a 
Whittaker function (with (Tv){l) considered a Whittaker functional). We note that W{v,T) is 
smooth while tj: is nondegenerate and therefore supported in a translate of Aq . By Lemma 
14.1.11 the restriction of W{v,T) on each partition AQ{6,e) coincides with some ^g-finite 
function. Thus conditions (1) to (3) of Lemma 14.2.11 are satisfied and we may conclude that 

the exponents (of the ^g-finite function) must satisfy \6q ^{a)ij{a)\ < 1 for every a G 71^(6*, e) 
as W{v,T) is also square integrable. 
Since 

W{v,T){a) = W{v,T o <^>g){a) =Y,''{a)P{HMeia)) 

V 

and we know that |P(i7Afg(o))| € 0((1 + cT*(a))") for some integer n (see [Wall pg. 242]), there 
exists a constant C > such that 

%^{a)W(v,T){a)\ < C(l + a,(a))-'-) 

for all positive integers r. Applying this same argument to each partition will imply that 
VF(f,T) is in C*(A^o \ C; V') by definition of the Schwartz space. 

Now Jacquet restriction preserves admissibility. Thus by Lemma |4.3.3| W{v^T^^ is an 
^-finite function. However, we know that VF(u, T)^ G C*(G; A'^o H M \ M; -;/'). This certainly 
contradicts the decay properties of VF(f,T)^ unless VK(w,T)^ is identically zero or P = G. 
This proves the theorem. □ 

4.4. We end this section by giving an application of this theory to automorphic forms. In 
this, we will extend a result of Savin, Khare and Larsen ^KLSj. By an integrable discrete series 
representation of G, we mean a discrete series representation which has matrix coefficients in 
LHG)nL^{G). 

Theorem 4.4.1. Let G be an almost simple, quasi-split algebraic group defined over Q. Fix 
two finite and disjoint sets of places: D contains oo and perhaps nothing else, and S is a 
non-empty set of primes such that G is unramified at all primes p not contained in D U S. Let 
tp be a nondegenerate character of No{A) trivial of No{Q). Suppose that n'^ is a ip-generic 
integrable discrete series o/G(M), and for every q in D, tt'^ is a ip-generic square 
integrable representation, then there exists a global ip-generic cuspidal representation tt 
such that TToo — T^'oo, = TT^ for cvcry q in D and Tip is unramified for every p outside D U S. 

Proof. We observe that the crux of the matter in the proof of Theorem 4.5 in paper [KLS] is 
the fact that W{v, A) satisfy certain bounds, namely there exists a C such that 

\Wiv,X)ig)\ < C5'J\a{g))il+a4g))-^ Vr > 0. 

or in other words, the Whittaker functions are located in the Schwartz space of Nq \ G. 
However, this follows immediately from Theorems 14.2.31 and 14.3.41 □ 

5. The discrete spectrum of L^{No \ G;i/j) 

5.1. Take any / G C*{G) and consider the Harish- Chandra transform of / defined by the 
following (absolutely convergent) integral: 



/ (m) = 5p{m) I f{nm)dn 



N 

P 



where P = MN is a standard parabolic subgroup of G. Then it is well known that / is in 
C*(M). 
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We give a brief overview of the decomposition of C*{G) into its various constituents. It 
is known that C*{G) = C^iscri^) ®^contiG) where Qjscr(^) is the space of functions whose 
Harish-Chandra transform is identicahy zero for aU proper standard parabohc subgroups, 
P. 

To describe the space C*gn^{G) (see also |Wal[ pg. 302] ), let Mq be the Levi subgroup 
of a standard parabolic associated to ^ C A. Consider the smooth normalized induced 
representations of G, (vrp^ Ip^a Kl Xi/) where Xf ^ ^uriMo) {v S ^) and cr is a fixed 
discrete series representation of Mg. When the context is clear, we write I{(j)r to denote the 
space in Ind^^p,^ ^U/^nK where K acts according to a finite dimensional representation r. 
Then take w £ I{(^)t and define a function Wy on G in the following manner: 

By the Iwasawa decomposition G = NqMqK. Writing g = nmk, we define 

Wy{nmk) = (xv-^p)ifn)o'{in)w{k). 

Thus each Wu is an element of Ip^ aMxu ■ 

Take any Xu £ ^i^^uriMg). If o" is a discrete series representation of Mg, then so is 
(tM Xu- This defines an action of the compact abelian group linX^j.{Mg) on the set of all 
discrete series representations of Mg. This action has a finite stabilizer and transfers the 
induced measure on the quotient of lmX^j.{Mg) by StabiinXur(Af9)(o') to tlie orbits. An orbit 
under this action is denoted as O. 

Recall the constant j{a M Xu) defined in [Wall pg. 285]. Let 

^^{a,ly)■.= j{a^X.r^ IT li^^Wf 

ae^<lT,(P,A) 

with Ma defined as in Section [3.2[ We call the normalized measure 

the Plancherel measure on O. 

Fix an orbit O and let a be any representation in it. Let w,v £ I{a) and let be 
the unitary Hermitian form on Ip^ a. Then ipw^y[g]{i') := {T^Pg^fj^jj{g)vy,Wy) k^^-^ is considered as 
a function on O. 

Take any infinitely differentiable function a{v) £ C°°{0) and define the following 
integral transform from C°°{0) to C*{G): 

fla,0,Pg];v,wi9) = / 

[g]{iy)a{u) dfioi^)- 

This is the Harish-Chandra wave packet map. 

By [Wall Theoreme VIII. 1.1], any / E C*gn^{G) is a finite linear combination of 
f[a,o,Pg];v,w ov^r suitable choices of datum [a,0,Pg] with Pg ^ G and w,v £ /(o"). 

5.2. We write ( , ) for the sesquilinear inner product on LP'{Nq \ G;ip). For / £ C*{G) and 
if £C*{No\G;i;), we let 

B{f,ip)= f f{g)^dg. 

Lemma 5.2.1. The integral defining the sesquilinear pairing B{f,(p) converges absolutely for 
all f £ C*{G) and ip £ C*{No \G;iIj). Moreover there exists two continuous seminorms qi and 
q2 on C*{G) and C*{Nq \ G]ip) respectively such that 

\B{f,^)\<qi{f)q2{ip). 
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Proof. Now for any positive integer d' and d, 

\B{f,ip)\< [ dp^{a)\f{nak)\\ip{ak)\dndadk 
JNoxAqxK 



' -d' 



(5.2.1) < / 5p^^{a)q24{R{k)^)qi4'{R{k)m{na){l+a.{na))-'' {l + aMr- 

JNoy.AoxK 

By [WaT, Proposition II. 4. 5], for any r > one can find a positive constant and positive integer 
d' such that (|5XT]l is 



(5.2.2) < / qi^r{R{k)f)q2AR{k)v){^+^*{a))-''-'^dadk. 

JAnXK 



IAqxK 

Let qi{f) and 92(9^) be the supremum of qi^r{R{k)f) and g2,d(-R(^)v) over the entire maximal 
compact subgroup K. Then the expression in line (|5.2.2p 

<qi{f)q2{v) I (l + cT.(a))-^-^da. 
JAo 

However this is finite if r + d is sufficiently large. □ 
We let 

fi^io) ■= / ipiny^f{ng)dn. 
JNo 

By the proof of Lemma 15.2.11 above this integral converges absolutely and the map 

C*{G)^C*{Nq\G-iIj) 

is continuous and it is clear that the sesquilinear pairing B(f,{p) is G invariant and equals 

The following is the key lemma of the paper. 

Lemma 5.2.2. With notation as in this section, 

(1) The map f ^ f^p is surjective from C*{G) to C*{Nq \G;ip). 

(2) Iff€ C*,^tiG), then B{f,^) = for any if € °C*{No \ G; V). 

(3) If B{f, if) = for all f £ C*{G), then (p is identically zero. 

Proof. Assertions (1) and (2) will be proven in the next subsection. (3) follows easily from 
(1). □ 

Theorem 5.2.3. The space of discrete functions °C*{Nq \ G]ip) is a multiplicity free direct 
sum of discrete series representations of G which are ^-generic. 

Proof We first show that °C*{No \ G; V) 3 Qi^crC*^)^- Suppose that / G C2i,^^{G). Then we 
claim {f^)^ = for any proper standard parabolic P = Pq. Indeed, by Lemma [4.3.11 

4(m)f (I «-'(„)/(fl™)<i„„V«=/ ^-WC^IW/ (fl(n)/)(fl,„)V.-=. 

JNo \JNo J JNo V J^e J 

Since C^iscri^) stable under right translation, the right hand side is zero. 

We know that C*^i{G) maps into the orthogonal complement of °C*{Nq \ G;ip). As 
the projection of C*{G) to its ^/^-coinvariants is surjective, °C*{Nq \ G;ip) = C^iscr(G)i^- 

Let {a, Ha) be a discrete series representation of G. Since G is assumed to be 
quasi-split, a result of Shalika assures us that dim Wh^{H(j) < 1. The multiplicity free 
assertion follows immediately from this and proves the theorem. 

□ 
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5.3. In this section and the next, we will complete the proof of Lemma 15.2.21 

Suppose we are given / G C*{Nq \ G; ip)^ where H = H„i is some open compact 
subgroup. Then / is determined by the values it takes on the cosets of A^'o \ G/H. More 
precisely, if 5 E JOiH, then 



f{g) = /'^(^)-^(^^) '^\Nong,Hg-' trivial 
[0 otherwise 



Therefore / is zero on those gi = ak such that Nq n aHa~^ ^ ker(V'). This implies that the 
support of / is contained in the set of points gi = ak with a G A~^{e~^) using the notation of 
section [2711 Inside the support, the values f{gi) must satisfy 

1/(5^)1 < iconst)5l^\a)il + a,ia))-' 

for all r > 0. 

Now we turn our attention to C*{G). As one has the Cartan decomposition for G, to 
construct a function u G C*{G)^ it suffices to set values for u on kia^k2 where ki (resp. ^2) 
are coset representatives of the left (resp. right) //-cosets in K and G . In addition to 
this, we require 

\u{kia+k2)\ < {const)E{a+){l + a4a+)y 

for all r G M. If this bound is satisfied for all g £ G, then u G C*{G)^ . 

In order to complete the proof of Lemma l5.2.2l fl). it suffices to prove the following 
statement: 

Lemma 5.3.1. For all sufficiently small H, the map (— )^ : C*{G)^ —?- C*(iVo \ G; V')^ given by 

u^f r\n)uing)dn 
JNo 

is surjective . 

Proof. Let ip be the nondegenerate smooth character as before. Then 

ker(V^) = [iVo,iVo]A^ai,i., •••A^a.,w 

where G A. If we set n = maxjzQ^ , . . . , Zq^}, then if) is trivial on iV„. We may always assume 
that H = Hm is sufficiently close to the identity element so that Nm C iV„. 

In order to prove this lemma, given any / G C*{Nq \ G; ip)^ , we must construct a 
function u G C*{G)^ which maps to /. 

Suppose that a G ^"'"(e""^) — . Let a"*" = w~^aw where w is chosen so that 
a G wA^w^"^ . Define 

uiwa'^w^^k) = 77— — — T-— — rf(ak). 

Now set u{hwa~^w^^kh') = u^wa^w^^k) for all h,h' G H. 
If a G A+, set 

u{ak) = 3— — f{ak). 

meas A^cm 

As above, we require u to be //-invariant on the right and on the left. Finally, set u to be zero 
on every other coset. 

We claim that u G C*{G)^ . We have the inequality 

1/2 

(const. )5q (a) < S(a) 
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for any a G A"*". (See for instance |WaH Lemme II. 1.1]) Therefore u satisfies the required 
growth condition on the points a contained in A'^. 

It remains to show that if a G A~^(e~'^) — j4+, then 



meas ((iVo n aHa-^)Ni 



0,m) 



< {const .)'E{a^ 



where a G wA'^w ^ and a"* 
Since 



meas {{Nq n aHa-^)No^rn) = ( H a^"^"''''^^"^''^^) meas A^o,, 



by definition of A^o H aHa ^ 

5q' (a) 



meas ((A^o n aHa-^)No^^) ^J^^^ 

val(a(a))<0 



val(a(a))<0 



-val(a(a)) 



-val(a(a)) 



(meas 



.1/2 



n -9 ' 

val(a(a))>0 

= 5y^(a'^)(meas NQ^m)"^ < (const. )H(a"'"). 

1/2 

Here SJp^^-i is half the sum of all positive roots with respect to the simple root 

system defined by the chamber wA~^'w~^. 

Finally we show that = f. It suffices to show that u^{ak) = f{ak) for all 
a G A+(e~^) and k £ K modulo Hm- By construction and using Lemma l2.1.H if 
n ^ {{Nq n aHa~^).No^rn), then u{nak) = 

With a G A+{e-^) and Nq n ai^a"^ ^ iVo.m, 



O.mJ 



u^{ak) = ip ^{n)u{nak) dn 
JNo 



meas 



meas {{Non aHa ^)No^m)-^ '(1) 



'ip-^{l)u{a^k) + 



E 

nieNo/{{NonaHa-^)No.„,) 



',-1/ 



/(afc) 



meas {Nq n aiJa -^)A''o,, 



V' ^{ni)u{niak) 
f{ak). 



With a G A+{€-^) and iVo n ai^a^^ C Nq^. 
u,{ak) = I ^-Hn)u{nak) dn 



No 



meas (A^o H aHa ^] 



Vj"^(1). [A^o.m : No n aiJa"^] n(aA;) + ^ ip''^ {ni)u{niak) 

ni^No/NonaHa-^ 



meas(Aro,„).V^^i(l)f— 

\ meas (A'o^, 



/(aA:). 



□ 
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5.4. In this section we prove Lemma 15.2.2( 2). The terms rational, regular, pole and the notion 
of vector valued integration will be used in the same sense as Waldspurger defines it in [Walj 
Section IV- V]. 

First of all, recall the spaces 

Wh^e {H„) = RomMeDNo (o", C^e ) 

and 

Wh^{I{a,u)) = RomN,{I%(^^Xu,C^). 
It is well known that these spaces of Whittaker functionals are one dimensional. 

For any A G Wh^e{H„) and any w £ I{c^)t (and any r), consider the following two 
integral transforms: 



(5.4.1) Ja,vW{w) = / il^-^{n)\{w^{n)) dn 

JNg 

(5.4.2) E„^{w)=[ ij-^{n)wu{n) dn 

JNg 

The following result guarantees that these transforms are well defined. 

Theorem 5.4.1 (c.f. [Jaci \C-S\ IShah] ) . The integral ()5.4.ip (resp. (|5.4.2p ) converges absolutely 
for any u G a^'^ and w £ I{a) and can be analytically continued to all ofcig^. Then Ja^v 
defines an isomorphism of Wh^e{H^) onto Wh^{I{a,iy)) and both Jfj^y and E^^^ are smooth as 
functions on O. 

□ 

Corollary 5.4.2. Assume that a is a ip^ -generic discrete series representation of Mq and 
consider the induced representation (vTp^ ai/j^p ^^Xi^)- Let X be a Whittaker functional on a 
and f £ C*{Nq \ G; tp) The integral defined by 



No\G 

is absolutely convergent. 

Proof. This follows immediately from Theorem 15.4.11 and Proposition 14.2.41 □ 
The following lemma relates the map J^^u to the Harish-Chandra transform. 
Lemma 5.4.3. With notation as above, 



Ja,uW{T^Pg av{9)w)f{g) dg = I X-u{m)X{a{m)w{k)) {R{k) f) <^{m)dmdk 

No\G J(N-^\Mg)y.K 

for all w G I{cf) and all f G C*{Nq \G;ip). 

Proof. Recall that Nq = NgN^,. Then by definition, 



A / ^{n)wu{ng)dn]f{g)dg 
No\G yjNe 



Kwv{g))f{g)dg 

N,\G 



Xp-v{rn)\[a{rn)w{k)) f {rirnk) dn dm dk 

Nex{m\Me)xK 
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by the Iwasawa decomposition, 



X-u{m)X{a{m)w{k)) I 6 p'^ {m) f (nmk) dn \ dmdk 

(N^\Mg)xK \JNg " 



X-u{'ni)\{a{rn)w{k)) (R{k)f)^'^{m) dm dk. 
{N,\Mo)xK 



□ 



Proof of Lemma \5. 2. S^f 2). Before we begin, we fix a discrete series ctq G O. We will use the 
generic symbol a to represent ctq ® Xu for any unramified character Xp ^iid identify the 
representation space ffo-o with H^j. Denote the invariant Hermitian inner product on Hfj^ as 

We may assume 

Uia) = i^~^{no) ^w,v[^Qg\{v)a{v)diio{v)dnQ 
J No JO 

for some datum [a, 0,Pg] and fixed w,v G /(c). For convenience, we let 5 = 1 in the following 
discussion. 

By Lemma [3.2.11 up to a scalar ^{G\Mg), 

C = f^{l) = ip'^ino) i {w^{nino),Vu{ni))crodni] a{u)d^o{'^)dno. 
Jno Jo \Jni ) 

where A'"i = Nq. As the integral over x O x Ni above is finite we may switch the order of 
integration so that we integrate against Nq followed by A'^i and then O. Thus after a change of 
variable, 

C= / ( / ■ip~'^{no)'ip{ni){wu{no),Vu{ni))aodnodni] a{u)dfio{i^)- 
Jo \JNixNo ) 

We split = N1N2 where = Mg n Nq. Denote the inner integral (in brackets) over 
A^i X iVi X N2 by /. 

After rearranging integrals we obtain, 

1= ip'^ini) ip~'^{n2) (a{n2)wu{ni), i / 'ip~^{ni)vi,{ni) dni]) dn2dni 
JNi JN2 \ \JNi / / 

V'~"^("'i)( / ip^^{n2){(^{n2)wi,{ni),Ecro,u{v))ao dn2] dni. 
Ni \JN2 ) 

Observe that 

is a matrix coefficient of a and hence is in C*(Me) (modulo the center of M£/).We see from the 
proof of Lemma 15.2.11 that the integral 

^~^(n2){o(n2)wy(nx),E^^^y{w))„^ 

N2 

converges absolutely (and defines the projection to C*{N2 \ Mg^ip^)). This defines a functional 
Therefore 



1= V {ni)XE„^,,(v)i'Wu{ni)) dn2. 



THE PLANCHEREL FORMULA OF L'^iNo \ G;il)) 21 

By Theorem 15.4. H this integral converges giving us the Unear map J(7ii,u{^EcrQ,i,){w). 
Thus we have 



With this we can complete the proof. Now we obtain 



o 



by replacing w with TTpg^^{g)w in the discussion above. 
Then 



Jno\g Jo ° 

The interchange of integrals is permitted since the integral defining B converges absolutely by 
Lemma 15.2.11 Now we apply Lemma 15.4.31 to see that B(f,(p) is 



(5.4.3) / / xArn)>^Ea,,jv){(^o{'m)w{k)){R{k)ip)Pe[m)dmdk)a{v)d^o{i^)- 

Jo \JN2\MexK ° J 

Thus if / G C*^,t{G), B{f, ^) = for all ^ G °C*(iVo \ G; V) • 

□ 

6. The Plancherel formula for L'^{Nq \ G]ip) 

6.1. Suppose Pe = MgNg is a standard parabolic subgroup of a quasi-split group G and 
{a,Hfj) a discrete series representation of Mg. Assume that a is •i/'^ generic and let Wh^9{Hfj) 
be the space of its Whittaker functionals. As Mg is also quasi-split, a result of Shalika assures 
us that this space is one-dimensional. 

We recall the following construction used in the proof of Lemma 15.2.2^ 2). As before let 
N^, = Mg n Nq. Then A'^o = ^e^*- Let w,v £ H^j and consider the transform: 

A,H:=/' 

Jn* 

This is well defined as {a{m)w,v)f^ £ C*{Mg). The integral above converges absolutely 
for any w S Hfj and defines a Whittaker functional € Wh^e{HA- Observe that 
\v{w) = Xw{v). 

Choose any A G Wh^0{Ho-) and w G ifo- satisfying A(w) = 1. Then for u £ H^^, we have 



Am = Au(u;)A = A„,('u,)A. 
Lemma 6.1.1. Let a £ C°°{0), ■w,v £ I{a). We define ij = A„,. Then 



o 



Proof. We already know that 

ifla,0,Pe];^,v)^i9) = l^JaA^E„A^))^'^P6.cTA9)'"^^^^)'^^^Ci{v) 

from the proof of Lemma I5.2.2r 2). 



o 



However we may write Xe,, ^{w) = A^(T,y{w))X = Ja^y{ri){w)\ from which the lemma 
follows immediately. □ 
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Now fix a base point ao ^ O and for every o" € O identify H„ = H^^^ . Then without loss 
of generahty, VK/i^e (iifo-o) = Wh^e{Hcj). Thus, there is an unambiguous choice of basis 
A E Wh^0{Hfj) for each a £ O. The space C°°{0; Wh^e^H^^)) will then consist of all functions 
of the form 

{{u^a{u)X) I a G C~(0)}. 
Define a map A : C°°{0) ^ C°°(C'; Wh^e{H„)) by the formula 



K{a® f){u) = a{u)J^,,{r,){f)\. 
Lemma 6.1.2. The linear map A defined above is surjective. 

Proof. We observe that A^(f) = ((/7t,_^)^6)(l). Thus we may as well assume rj is not the zero 
functional. 

We must prove this assertion for (u i— t- a{u)X) for any a G C°°(C') and a fixed 
XGWh^e{H,). 

By Theorem 15.4.11 J„ ,,(rij) is a nonzero functional. Thus one may find w £ 1(a) such 
that Ja,u{'n){'^y) / 0- As Jo-,t/ is continuous in u, J(j^^{rj){Wfj) is nonzero as long as we vary /i 
around a small enough neighborhood Uy oi v £ O . 

Since O is compact, we may find a finite covering {CZ/jf^^ of the support of a G C°°{0) 
subject to the condition that for each of these open sets Ui, there exists vectors G I{a) such 
that on each of these open neighborhoods C/;, 



4,^ = 



is nonzero for all fi £ Ui. 

Now choose a partition of unity, {(fi} subordinate to the cover {Ui} and define for each 
open set Ui a (smooth) function giii') which vanishes outside Ui and is equals to 

Thus we clearly have 



I I 



This proves the lemma. □ 

Consider the following two Hermitian inner products on the discrete series 
representation H^^ and the image of a in °C*{N2 \ Mq; ip^) : {v, w)a and 



(6.1.1) / X{a{m)v)rj{a{m)w) dm 

for X,r] £ Wh^0(H„) respectively. By Schur's lemma, the invariant Hermitian form on an 
irreducible unitary representation is unique up to scalar. Thus, if we set (A, 7/)(j to be the ratio 
of (|6.1.ip and {v,w)a, this pairing is sesquilinear and positive definite. 

Lemma 6.1.3. For any two vectors w,v £ H„, 

d{a){Xy,Xw)a = Xy{w) 

where d{a) is the formal degree of a. 
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Proof. Let Mq = M and by abuse of notation write ip^ as tp. By definition 



iKAw)cT{x,y)a = / \v{(y{m)x)\w{(T{m)y) dn 
Jn,\m 



■0 ^(nirig ^){a{nim)x, v)cr{o'{n2m)y, w)^ dnidn2dm. 

By change of variable nin2 to rii, this equals 

/ / 'ip~^{ni){a{n2m)x,a{ni)^^v)cr{o'{n2rn)y,w)^dnidn2dm 

{n){a{m)x, a{n)^^v)cr{o'{m)y, w)^ dndm. 



By switching the order of integration to integrate over M first, we get 
d{a)~'^{x,y)^ / %l)'^^{n){a{n)w,v)adn. 
= d{ay^{x,y)a\v{w)- 

By cancelling away {x,y)ij, we obtain our stated identity. □ 
Lemma 6.1.4. Let [3' £ C°°{0;Wh^e{H^)), a £ C~(C') and v £ I{a). Then 



(A(a ® v),p')„ = d{a)-^a{v)p{v)J„^,{X){v) 
where /3 E C7°°(0) defines 13' (i.e. = (3{u)X). 

Proof. To justify this identity, we need only to observe that by definition, 



{A{a^v),P\ = a{u)^{u)J^y{ri'){v){X',X)^ = a{u)(3{u)J^y{r,'{X,X%){v) 

where A' is a choice of basis for Wh^e{Hfj) satisfying (A', X')^ = 1 and t]' = X^' where w' S Ha 
is chosen so that X'(w') = 1. 



However, we note that A„ = rj'{v)X' = d{a){Xv,i]')X' for any v G I{a) by Lemma [6.1.31 
In other words r/' = d(o")~^A'. This implies the result. □ 

6.2. We give a quick overview of the theory of intertwining operators for induced 
representations adequate for our purposes. Recall that W denotes the Weyl group of G. More 
precisely, we write this as W'^ for if M is a Levi subgroup of a standard parabolic subgroup 
Pe, will denote the Weyl group of M. 

Now assume that we are given two standard parabolic subgroups, P and P' with 
Langlands decomposition P = MN and P = MN' respectively. For any w G W{G\M), let 
be a choice of representative of w in G. Then define w.P = kyjPk~^ and if o" is a 
representation of the Levi M, define 

wa{m) := a{k^^mkw) 

for m G w.M. In addition to this, define 

W{G\M) := {w£W^\ w.M = M]/W^ 

If P, P' are two standard parabolic subgroups with Langlands decomposition P = MN 
and P = MN' respectively, then define 

Jp\p'{<y)f{g)= I f{n'g)dn' 

J Nr\N'\N' 
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with / G Ipa provided this integral converges. It is well known that Jp^pi{a) can be 
meromorphically continued to a rational function on Oc. (See [Wall Theoreme IV. 1.1. and pg. 
276-278] for nomenclature and the precise statement.) 

Now we assume a is unitary. Recall the unitary intertwining operator defined in [Wall 
pg. 295] {w E W{G\M) and a £ O) 

°cp>\p{w, a) : Ipa Ipa"^ Ip, wa ® I^,wa'^ 

for two parabolic subgroups P and P' with the same Levi subgroup M. 

It is known that °cp/^p{w,a) is regular on O and that we may express this map in the 
following form: 

u(S)v>—?- Jpi\yj_p{wa)L{kyj)u (S> Jw.p\p'{wa'^)^'^L{kw)v 
where L denotes left translation. See [Wall proof of Lemme V.3.1]. We define 

Aw{a) := Jp,\.^p{wa)L{w) 

and for a fixed o" G O, consider Ayj{a ^Xv) as a function on O in which case we write 
Ayj{a Kl Xu) as Ayj{v). 

Given a G C°°(C'; Wh^o{H„)) and v G we define 

(6-2.1) W[c,o,Pe];v{9) ■= J<T,u{a{iy)){iTp^^^„{g)v) d^io{y). 

Let /3' G C°^{0;Wh^e{H^)) be defined by /3 G C°°(0). 

Lemma 6.2.1. Let A^^i^) he the intertwining operator defined by the unitary map 
°Cp^\Pg{w,a). Then there exists a map 

M^{u)-^ : Wh^o{H,) ^ Wh^eiH^,) 

smooth on O so that, 

(6.2.2) %',o,p,];j5) = j^l^{v)Jwa,wu{M^{T^)-^\){T^P,^u,a,wv{9)AMv)diio{v) 
for any w G W{G\Me). 

Proof. Indeed, if A G Wh^e{Hyja^), then Jwu,wvW ° A^i^) G Ja^y{Wh^e{H„)). 

Let Z denote the poles of Aw{v) on O and let O' = O — Z. Then as J^^y is an 
isomorphism (Theorem 15. 4. ip . we define M^{v) by 

Jwcj^wvW ° Ai,{u) = J„^i,{Mw{v)\) 

for all u eO'. Since Ayj{y") is an isomorphism on the points where it is regular, Mr^iv) ^ is 
well defined on O' . 

If A G Wh^e{H„), then 

(6.2.3) Jwa,u,u{^M'^>^) ° AM = J^A^) 

on O' . Since the right hand side is defined on O, we may extend this equality to all of O by 
setting M^{i')~^ = 0. The claim follows immediately from definition. □ 

We remark that if P = G, then we take O = {e} as a singleton so that a is identified 
with A G Wh^{Ha-) where a is a discrete series representation of G. Then W\^a,{e},G];vi9) 
(I6XT1) is W(v.X)(a). 

Theorem 6.2.2. (1) If a e C°°{0]Wh^e{H„)), then W^^^ofyY^v ^ C*{No \ G;^) for all 
V G /(fj). 
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(2) The span of W^^ o,Pg]:v '^^s'" ^ ^ ^''^'^ datum [a, O, Pq] is equal to 
C*(-^o \ G;ip). In particular, the span is dense in L?'{Nq \G;ip). 

(3) Given two datum [a,0,PQ\ and [f3,V,P0i], suppose either 6^6' or O ^ wV for any 
w G W{G\Me), then {Wy^,o,Po];v^Wyp,v,PA,^) = 0- 

Otherwise, if 9 = 9' and O = V, then 



(^^KO,p«];.,%,o,Pe];«;) = \W {G\Mg)\^{G\Me)c{G\MeY [^jJ,a{v),p{v))„d^,o{y) } {vMi[a)- 

Proof of Theorem \6.2.2\ (1). This is an immediate consequence of Lemma 16.1.11 and Lemma 
I6.1.2I One first expresses a G C°°{0; Wh^e{Ha-)) as a finite combination of A(/3 ® w). By 
construction, it is immediate that W^^^Q^p^-^.^ is a finite combination of {f[j3^o,Pg];w,v)ip- This 
proves the assertion. □ 

Proof of Theorem \6. 2. 2\ (2). We know from the main theorem of the Plancherel formula for 
L'^{G) that C*{G) is the span over all / = f[a,o,Pe\\w,v datum [a, O, Pg]. (When P = G, 

f reduces to matrix coefficients of a discrete series representation of G). We also know that 
taking ^/'-coinvariants of C*{G) is surjective onto C*{Nq \ G;ip) by Lemma 15.2.21 (1). 

Now let 

/3(zy) = a{v)J„^u{ri){w) 

where a G C°°(0), w G I {a) and rj defined as in section [5TT1 We know that Jcr,y is smooth as a 
function of v (c.f. Theorem 15. 4. ip . thus Jij^^{i]){w) is smooth too. Thus /? G C°°{0). Let 
/3'(i^) = f3{h')X. Then by Lemma 16.1.11 it is clear that 

(.f[a,0,Pg];w,v)-<P = ^[l3',0,Pe];v 

This proves (2). □ 

6.3. In this section we present the proof of Theorem 16.2.21 (3). 

Given two standard parabolic subgroups of G, Pq and P^ we say that [Pq, Aq) 
dominates (P^, A^) if and only if Pq D P^ and Ag C A^. 

Lemma 6.3.1. Consider two standard parabolic pairs {P^,A^) and {Pq,Aq), a datum 
[a,0,Pe\ and suppose that {{f[a,o,Po\;w,v)^)^^ / 0- Then {P^,A^) dominates {Pe.,Ag). 

Proof. Recall that 

fid) = f[a,o,Pe];yA9) = _^(^Pe,a,i.(5)t'^,w^i^>a(i^)d/io(z^). 

By Lemma 14.3.11 we may first integrate over iV^ in the expression of (fip)^^ as the following 
integral over x A'^o 



dp (m) _ ip {nQ)f{nonm)dnodn. 

^ JN^, J No 

Now decompose no = k{nQ)m{nQ)n{nQ) according to the Iwasawa decomposition, 
G = KP^ = KM^N^. Then 



f{nonm)dn= / {'Kp {k{nQ)m{nQ)nm)vj,,Wy)a{v) dii{v) 

J JO ' 



6p {m{no)) / / (p^^^(^k(no))w[nm{no)m]{u)a{u)dfi{u) 
JN^} Jo 



(6-3.1) = '5p^("iK))'^p/('Ti)(/[„^o_Pg].^^^(fc(„o))^) "(771(710)771). 

To ensure that the right hand side is not equivalently zero, it is necessary that {P^, A,^) 
dominates {Po,Aq) by [Walj Proposition VI. 4.1] . □ 
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We recall that (, ) is the LP' inner product on the space L'^{Nq \G;ip). 

Lemma 6.3.2. // two parabolic subgroups, Pq and are not equal, then for any datum 
[P^V^P^], [a,0,Pe\ and any discrete series representation g £ V and a £ O, 

,Oq,Q];w,v)4'^ if[a,0,P] ■,w' ,v' 

for all w,v £ I{g) and w',v' G /(o"). 

Proof Set / = f[p^v,P^];w,v and = {f[a,o,PeW,^'^^- '^^^^ '^^ ^^^^^^ *° t he inn er 

product we wish to compute above. However we know from (j5.4.3p and Lemma 16.3.11 that 
B{f,Lp) = unless (P^, A^) dominates {Pq,Aq). Reversing the roles of / and we also 
conclude that B{f,ip) = unless {P0,Ag) dominates {P^,A^). Combining these two 
statements gives the lemma. □ 

We wish to compute {{f[a,o,P]:w,v)il')^ ■ Recall from [Wall Proposition VL4.1] that 
if[a,o,P];w,vy is equals to 

(6.3.2) ^{G\M)c{G\Mf I a{v) ^ {xwu ® wcj{m).A^{v)u,{l), A^{u)v,{l))^„ du 

where A^^i^) are the intertwining operators defining the unitary intertwining map 
°Cp]^p{w,Xu ® (^)- We remind the reader that {■,)wa denotes the G-invariant Hermitian inner 
product on wa. 

Proposition 6.3.3. The Harish- Chandra transform, 

((/[a, CP] 

(6.3.3) =j{G\M)c{G\Mf f a{v) ^ Xw(m)A^___(^„(,),)(w(m)^^(z.)tz,(l)) di^. 
Proof. Combining the expressions in the right hand side of (|6.3.ip with ()6.3.2p . we have that 

{{f[a,0,P]]U,v)ip)^ 

= 6p{m) / ^^"'^(no)/(nonm) cZnodn. 
JN J No 

By ()6.3.2p . this equals to 

= jiG\M)c{G\Mf f V'-i(no) 

d^{m{no)) / a{u) ^ Xwiy{m{no)m){wa{m{no)m,).A^u{j^)u,y{l), Ay,{i/)v,y{k{no)~^))i 

weW(G\M) 
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By moving 5p{m{nQ)),w(j{m{nQ)) and Xwu{''n{nQ)) into the second variable of {,)wa, we obtain 
7(G|M)c(G|M)2 / V'~i(no) 



weW{G\M) 



j{G\M)c{G\Mf / 7/;-i(no) 
Jno 

<^i^) Xwu{m){wa{m).A^{u)uu{l),A^u{u)vu{{n{no)m{no)k{no)y^))u,a du 

^ weW{G\M) 

since Aw{i>)vi, G Ip wa M Xwv Continuing, this expression 



p 

-f{G\M)c{G\Mf j a{v) ^ 

w&W{G\M) 

%l)~^{nQ){wa{m).Ayj{v)uy{l),Ayj{v)vy{nQ^))yj^ dv 



I No 

Arguing as in the proof of Lemma 15.2.21 (2), this expression is equal to 

-f{G\M)c{G\Mf j a{v) ^ Xu,u{m)XE„iA^(u)v){wa{m)A^{u)u,{l)) dv. 

^ w(iW(G\M) 



□ 



Proof of Theorem \ 6. 2. 2\ (3). Assume Pq ^ P^. As we may express W^^^Q^py^^ in terms of 
(c.f. proof of Theorem 16.2.21 (1)), the orthogonality statement follows immediately from 
Lemma 16.3.21 

Now assume that 9 = and that we have two orbits O and V containing discrete series 
representations a and g respectively. Consider functions W^^^Q^p^-^.^ and W^[/3^-p^Pg];^^ where 
a = A(a' (8) u) and /? = A(/3' (g) ui) with u,v £ I (a) and ui,vi £ I{g)- We observe that by 
Lemma 16.1.11 

^[Aio'igiv), 0,PB];uis) = {f[a,0,Pe];u,v)i'{9)- 

Since Lemma 16.1.21 tells us that A is surjective what must be shown is that if 
V ^ W{G\M0)O, then 

(^[/3',P,Pe];t;i>^[a',0,Pe];i;> = 0- 

To this end, it suffices to show that 

^(.f[l3,r,Pe];ui,vi^ (.f[a,0,Po];u,v)'p) — ^■ 

We begin from the expression of (|5.4.3p and write the expression X^^ ^[vi){Q{m)ui{k)) 
there as 

iy(ni(A:), A^^,^(,,))(m) =: ^■'"-(m). 
In the same way XE^^,^^(A^(„)t,)iwa{m)Aw{v)uu{l)) in (|6.3.3p is written as 

W{AU'yW{l),XE„iA^iu).)){m) =: Ty^;W'"--^"(m). 

If we fix a G Im A^Mr(-^e)) then these are square integrable Whittaker functions on the Levi, 
Mq and realizes the representations g and wa in °C{N^ \ Mq^iJj^). 
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Now we let 99 = {f[a,o,Pe];u,v)^ and / = f[i3,p^Pg]-ui,vi- If ^e substitute this into (|5.4.3p, 
and use (|6.3.3|) then the expression becomes 

JN,\MgxK Jp 



O 



weW{G\Me) 



(6.3.4) 



Jv JO 



X! Xi^i("i)VF^l/f ^'^^"Hm)x^«!y("^)W^^^^,S'^^'^"(m) dmdk di^ dfi-p {1^1). 

w&W(G\Me) 

As Q is not equivalent to wa for any w G VF(G|M6i), the integral over A'',,, \ Mq vanishes. 

Now we come to the final assertion of the theorem. In this we will assume that Pq = 
and because of Lemma I6.2.H V = O. However we will consider the function W^[/3',c',Pe];j; '^'^^^^ 
j3' is replaced by 

/?' = ^ /3(z.)A) 

where /3 G C^{0) and A G Wh^e{H„). 
Now from ([5X3]) and ([6X2]) 

(^[/3',CPe];Mi'^[A(a(g)-u),C',Pe];«) = 

/ / 

JNo\G JO 



N2\MgxK Jo 

jiG\Mg)ciG\Mgf I /3(z.) / a{u. 



O JO 



by (lUXBI) and (lUTX^ 



The integral over A^2 \ Mg vanishes unless v = vi va which case we are simply 
integrating on the image of the diagonal embedding 

xO. 

It is clear that the measure on the image is d^o{^)- Then the expression above reduces to 
(6.3.5) 

-i{G\Mg)c{G\Mef V [ a{u)J{u) j W^:£^'''''"\m)Wt^^l^''^^ (m) dm dk dfio (^) • 

Let v' G Hyjcj be chosen to satisfy Mw{v)^'^\{v') = 1 and set rj = X^/. Then we have that 

W^a,wl'^^''"('^) = ^waim)Auik){EAv) = Jwa,wu{Kaim)Auik)){Av) 
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and 



Ka{m)Au{k) = r]{wa{m)Au{k))M^{u) A 

so that 

W^:^^l^^^^{m) = ri{wa{m)Au{k))J^^,^,{MM-^^){M- 

Now, 

/ (m) dm dk 

JN2\MgXK 

= Jwa,wv{Mu,{y)~'^X){Au,{v)v){r],Myj{u)~^\)yj„ / {Ayj{v)u{k),Ayj{v)ui{k))r 

JK 



= d{wa) ^ Jwa,wu{Mw{y) ^\){A,u,{v)v){u,ui) k^^) 

by Lemma 16.1.31 and since °Cp^p{w,a) is unitary. Continuing from ()6.3.5p . this expression 
simpHfies to 

-f{G\Me)c{G\Mef{u,ui)i(^„) ^ d{wa)-^ j a{i^)P{u)J^,,^^{MM-^>^){A^{u)v)dno{ 

WGW{G\Mg) ^ 

and by (|6.2.2p and the weh known fact that d{wa) = d{a), this equals 



-f{G\Me)ciG\Mef{u,ui)j(^)\WiG\Me)\ / d(^)~^a(z.)/3(z.) J,,,(A)(^;) d^o(z.) 

Jo 

= j{G\Me)c{G\Mef{u,ui)^^)\W{G\Me)\ f {a'{iy), f]'{u))^ dfio{i^) 



o 

where a'(z^) = A(a (g) v) and /3'(z^) = /3(z^)A for q,/3 G C°°(C'). Lemma [6X11 justifies the last 
equality. 

The proof is now complete. □ 

6.4. Fix an open compact subgroup Hm, f G C*{No \ G; V')^" and u S ImXuriMe). Observe 
that the integral in Corollary 15.4.21 defines a conjugate linear functional on 

{Iga M xuf- ^ Wh^e{H„) =: Ji^- 

considered as a Hilbert space. By the Reisz Representation theorem there exists a unique 
element in I{a) (g) Wh^e{Hu) denoted Wp^^^{f){i') such that 



As we vary aMxu over O, we may consider Wp^ cr(/) ^ element of 
I{a)^G°°{0;Wh.^e{H^)). 

Define the following linear operator on I{a) C°°{0; Wh^0{H^)) to C*{No \ G; ip), 

Tp^^^v^a) := \WiG\Mg)\-'j{G\Mgr'c{G\Mgr^W[^^a,Pe]-,v- 

Let £^e(Me) denote the set of isomorphism classes of tp^ generic discrete series representations 
on Mq. By £^e(Mg)/VF(G|Me) we mean the quotient space obtained by identifying the 
discrete series representations which are conjugate under the natural action of the Weyl group 
W{G\Me). 
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Theorem 6.4.1 (Plancherel Formula for L'^{Nq \ G; ^/^)). Consider f E C*{Nq \ G; V); then 

(6.4.1) /= E E Tp^A^P^M))- 

(Pfl , Ae ) ^ (Po , Ao ) <tG £2 . (Me (G| Me ) 

Proof. Set ^o-,i/ = [Jk '^^v and consider the Hilbert space defined by 

Jo 

where 

dfio = \W{G\Me)\-^-f{G\Mer^c{G\Mer^dfio{i^). 

Then we consider I{a) (g) G°°(C'; Wh^e{Hcj)) as a dense subspace of I^- The linear 
operator Tp^^^ extends to Xo- by continuity. 

We check that for any vi ai,V2 <^ a2 G I{(t) C'^{0;Wh^e{H„)), 

{Tpg,Avi ai),Tp^^^{v2 ® a2))L2 

= \W{G\Me)\-^l{G\Mer^c{G\Me)-\Wy^^oM,vv^[c',o,Po]-,v,) 

by definition of Tp^^^ 



by Theorem I6.2.2r 3) 



\W{G\Me)\-^-i{G\Me)-^c{G\Me)-H / {ai{u),a2{v))a diio{i^)] {v^^v^) 



o 



{ax{y),a2{y))„dlio{y) {vi,V2)ira-) 



2/- 



Thus we see that Tp^^^ extends to a unitary operator from I^r into L {No \ G;ip)- 
By Theorem 16.2.21 (2) and Lemma 16.2. 1|, one sees that 



T--= E E 

is a linear map from 



iPg,Ae>{Po,Ao)^eE^^g{Mg)/W{G\Mg) 



^ ^ /(a)®C°°(0;TyV(^-)) 

(Pe,^e)^(Po,Ao)<7G£2„{A/e)/VK(G|Me) 
onto C*{Nq \ G; ■(/')• By the previous paragraph, T is extends to unitary linear operator on 

E E ^'^.A^e- 

(Pe,Ae)>-(Po,Ao)<7G£2„{Afe)/VK(G[Ma) 

As before, let ai^v) = a'(z^)A for any a £ G°°(0) and a fixed A E Wh^0{Hcj). Then, we 
see that 



{Tp^AWpAf)),Tp^Aw^a))L2= / a'ii^){Wp^M),w^>^):K.,J~^o{'^) 



o 



f{9)Ja,uW{T^Pg„A9)w)dgdfio{u) 
O JNq\g 

{fiTp,„{w®a))L2. 
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It is clear that \i P ^ P' or if a and a' are not Weyl group conjugates of each other, 
then {Tp^^{Wp^M))^Tp,^Aw ® a))L2 = 0. 

Let R{f) denote the right hand side of ()6.4.ip . Then the considerations of the previous 
two paragraphs imply that (/, h) = {R{f),h) for all h G C*{No \G;ip). As C*{No \ G; i/j) is 
dense in L'^{Nq \G;^), f = R{f) and the theorem follows. □ 

We state a corollary of the proof. 

Corollary 6.4.2. The unitary linear map T is a surjection from 

(Pe,Ae)>-(PoAo)(7eE'^^g{Mg)/W{G\Mg) 

onto L'^{No\G;ip). 

□ 
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